While the shape equations describing the equilibrium of an unstretchable thin sheet that is free to bend are known, the boundary conditions that supplement these equations on free edges have remained elusive. Intuitively, unstretchability is captured by a constraint on the metric within the bulk. Naïvely one would then guess that this constraint is enough to ensure that the deformations determining the boundary conditions on these edges respect the isometry constraint. If matters were this simple, unfortunately, it would imply unbalanced torques (as well as forces) along the edge unless manifestly unphysical constraints are met by the boundary geometry. In this article, we identify the source of the problem: not only the local arc-length but also the geodesic curvature need to be constrained explicitly on all free edges. We derive the boundary conditions which follow. In contrast to conventional wisdom, there is no need to introduce boundary layers. This framework is applied to isolated conical defects, both with deficit as well, but more briefly, as surplus angles. Using these boundary conditions, we show that the lateral tension within a circular cone of fixed radius is equal but opposite to the radial compression, and independent of the deficit angle itself. We proceed to examine the effect of an oblique outer edge on this cone perturbatively demonstrating that both the correction to the geometry as well as the stress distribution in the cone kicks in at second order in the eccentricity of the edge.
Introduction
Consider a thin sheet of paper that is free to deform. If thin enough, it will bend without significant stretching. What stretching occurs is always localized within a network of point-like defects, connected by ridges, where the stresses within the sheet are focused [1, 2] . In this limit, determining the shape of the sheet outside of these defects is a geometrical problem. Inextensibility translates, in geometrical terms, to a constraint on the metric induced on the surface; the only deformations consistent with the integrity of the sheet must be isometries, fixing this metric (see, for example, [3] [4] [5] ). Thus, to determine the equilibrium form that the sheet adopts, the bending energy needs to be minimized in a way that accommodates this local constraint. There is a snag: it is not obvious how to implement this constraint in the boundary conditions on any free edges.
A somewhat pessimistic view is that the thin sheet limit is ill-defined at its free edges. Yet, hold a sheet of paper in one hand and let it droop gently under gravity: while defects may form within the sheet, it is clear that nothing dramatic is occurring on its free edges. Conventional wisdom has it that a boundary layer needs to be introduced to treat these edges [2] .
Something is amiss. Indeed, if one treats the limit cavalierly, imposing isometry only in the bulk, to ones dismay the boundary conditions on the free edges appear to lead to an unphysical conclusion. Specifically torques appear to be unbalanced or, almost as bad, they are balanced only if the surface is minimal on this boundary. This would imply that the two principal curvatures vanish there or that the surface must be planar. While a drooping sheet might be coerced to oblige, a circular paper cone certainly does not. In addition, while, as one can check, the integrated force along the full boundary vanishes, force balance fails locally. One might be tempted to agree that the limit is unphysical. However, as we will argue, the problem is not with the limit itself, but how we treat the boundary in the limit: as we will show, satisfying the constraint in the bulk is no guarantee that it will be satisfied on the boundary. We propose a modification of the variational principle, constraining explicitly the boundary variations to be consistent with isometry. This may not be the end of the story, but torques are now balanced and forces vanish pointwise on free boundaries.
The metric constraint in the bulk is tensorial in nature. This imposes three differential conditions on the deformation vector. If one attempts in an apparently reasonable way to impose all three locally on the boundary curve, this will constrain its behavior under deformation in an unphysical way. A signal that this is the case, as we will describe, is the fact that two of the three conditions involve derivatives of tangential deformations along the boundary co-normal, 1 terms that never arise as boundary terms in the variation of any bulk bending energy. The balance of torques is associated with the freedom to rotate the normal vector freely about the boundary tangent direction or, equivalently, the vanishing of the coefficient of the derivative of the normal deformation along the boundary conormal. No other derivatives of boundary variations should show up.
We argue that the appropriate constraints on the boundary curve are that its arc-length as well as its geodesic curvature, an invariant under isometry, are fixed locally [6] . Despite initial appearances, these two constraints are not equivalent to their three metric counterparts. Technically, the arc-length constraint is equivalent to the projection of the metric constraint along the boundary tangent; but as we will see, it is not automatically induced on the boundary by the bulk metric constraint, and nor is it redundant. However, the arc-length constraint fails to produce derivatives along the boundary co-normal of the normal deformation. So it is not enough. The constraint on the boundary geodesic curvature under variation, provides the missing term without introducing unphysical rotations; it is not implied by the boundary constraint on the metric. These two constraints contribute to all four boundary conditions. In particular, the multiplier constraining the geodesic curvature, as the boundary normal rotates, restores the balance of torques. These boundary constraints have a direct impact on the stress distributed within the sheet as well as the forces it transmits across boundaries. We will show that the boundary corrected force vanishes locally on free boundaries, a good sign that we are on the right track.
We will examine a cone (not necessarily circular) to assess how well our proposal fares. This is the simplest defect on a planar sheet. A cone is characterized intrinsically by its surplus or deficit angle. If this angle vanishes, non-trivial behavior requires external forces. Pomeau and Ben Amar [7] , Chaı¨eb et al. [8] , and Cerda and Mahadevan [9, 10] showed that a defect-free planar sheet subjected to a localized force (picture a circular disc poked at its center into a cup) forms a non-trivial conical defect. If the surplus is negative (a deficit angle), the equilibrium shape in the absence of external forces is a circular paper cone if the radial distance from its apex to its boundary is fixed; however, if set into motion about an axis, such cones will develop non-trivial patterns and non-trivial material motion within the sheet [11] . A few years ago it was also pointed out that the equilibrium shapes of a surplus cone display strikingly interesting behavior compared with their deficit counterparts, even when no external forces are acting. The equilibria are described by conical monkey saddles with n-fold symmetry, n ø 2, their bending energies ordering with n (see [12] ). See also [13] . The analysis in [12] built on the earlier development of a variational framework to treat bending without stretching [14] developed by two of the present authors.
In neither [12] nor [14] were the boundary conditions on the conical rim consistent with isometry ever fully addressed. This omission was legitimate due to the coincidence, unfortunate in retrospect, that the conical shape can be determined without any detailed knowledge of the boundary behavior whenever the distance from the apex to the boundary is fixed. In general, however, one is at a complete loss to determine how stress is distributed within the cone without this information. This is true even in a circular paper cone. Had a more general tangent developable surface been considered, one would have run into the problem straightaway. Using the modified boundary conditions we will show how to determine the stress distributed within circular cones. There is no need to invoke boundary layers. We will show explicitly how the force transmitted locally across free boundaries vanishes when the new terms are added; with the naı¨ve boundary conditions this fails, another red flag, if one were needed, that something was amiss.
The importance of the boundary conditions becomes all the more evident as soon as we relax the circular symmetry. The simplest extension is to replace the circular rim of the paper cone by an ellipse. The cone responds to its altered boundary, which in turn is deformed. The loss of rotational invariance implies the loss of the conservation law associated with it. We will show that to determine the shape, never mind the stress, we need to now solve three coupled second-order ordinary differential equations. We will confine ourselves to a perturbative treatment of this problem, not just to keep the focus on the physics, but also to limit the length of the paper. At first order in the boundary ellipticity, there is no change in the bulk circular conical geometry. This accords with observation: make an oblique cut along the rim of a conical paper cup. There is no perceptible change in the geometry. And nor is there any correction to the distribution of stress within the cone at this order. Significant changes first show up at second order, which we describe in this article. Curiously, there are symmetry issues that require proceeding to third order to settle. At this point a numerical treatment is called for. The essential point having been made, we will leave this for another day.
It should be mentioned that there is an enormous and growing literature on the subject of isometric bending. The twisting of inextensible planar strips was addressed in [15, 16] . More recent work has questioned the validity of this work (see, for example, [17, 18] ) but the reasons given, certainly in [17] , are not generally accepted (see, for example, [19] ). A constrained variational problem closely related to the one we consider has been addressed in [20] . There has also been a growing interest in the bending of non-Euclidean geometries [21] [22] [23] [24] [25] . It is likely that the boundary problem addressed here, which does not depend explicitly on the flatness of the sheet, is relevant to these different directions of research.
Isometry modified shape equations and stresses
We will suppose that the sheet is thin compared with its radius of curvature. Let it be described as a parameterized surface (u 1 , u 2 )7 !X(u 1 , u 2 ). The associated bending energy is given by [26, 27] 
where dA is the element of area; H is the bending energy density, involving (twice) the mean curvature K = C 1 + C 2 and the Gaussian curvature K G = C 1 C 2 ; and C 1 and C 2 are the two principal curvatures. The mean curvature rigidity modulus is set to one; the relative value of the Gaussian rigidity modulus is denoted k G . We are interested specifically in surfaces that are metrically flat, so that K G = 0. Conventionally, however, this term does contribute to boundary conditions so we do not drop it in order to follow its fate.
The sheet is to a good approximation unstretchable: this translates geometrically into the statement that the induced metric on the surface, given by g ab = e a Á e b is fixed, where e a = ∂ a X, a = 1, 2, are the two tangent vectors adapted to the parameterization by u 1 and u 2 . The unit normal vector will be denoted by n. To determine the equilibrium shapes of the sheet, the isometry constraint needs to be imposed on deformations of the sheet in the calculus of variations. One way to do this, proposed by two of the authors, is to impose the constraint using the method of Lagrange multipliers [14] . One thus constructs the functional
with the introduction of a symmetric tensor-valued Lagrange multiplier T ab . Here T ab constrains the metric to coincide with some given metric g (0) ab . Consider a deformation of the surface, X ! X + dX, and let us decompose dX into its tangential and normal parts,
It is straightforward to show, using methods developed elsewhere (in [14] and, for example, [28] ), that the first variation of the bulk-constrained Hamiltonian under the surface deformation described by the vector dX, can be cast as
where BT denotes the boundary integral, r a is the covariant derivative compatible with g ab , and K ab = e a Á ∂ b n is the extrinsic curvature tensor on the surface, with trace K (K = g ab K ab ). Here E 0 is given (for a metrically flat surface,
The crucial boundary integral BT, linear in dX, will be discussed in detail in Section 3. The bulk shape equations, following from (4), are given by
Unstretchability introduces an inhomogeneous and anisotropic additional tangential stress within the sheet identified with the tensor-valued multiplier imposing this constraint. It is covariantly conserved when the forces are in equilibrium. This stress, in turn, provides a source term in the shape equation.
In the presence of free boundaries this is not the complete story, a fact the authors of [14] were a little tight-lipped about in their initial proposal. Moving forward 11 years, we will be somewhat more forthcoming.
To better understand the structure of the boundary terms appearing in the variational principle, it is useful to know that the first variation (4) can also be cast in the form
The Euler-Lagrange (EL) derivative of H with respect to X can then be cast as a divergence [29, 30] (reviewed in [31] )
where f a = f a B + T ab e b , with a contribution associated with bending given by (see also [32, 33] )
Note that f a B is independent of k G .
In equilibrium, f a is covariantly conserved on the surface or
The normal and tangential projections of (9) reproduce (6a) and (6b). Equation (9) is the conservation law associated with translational invariance; physically f a = f ab e b + f a n is interpreted as the stress tensor, a direct consequence of Noether's theorem. Note that the bending contribution to f ab is quadratic in K ab ; as such, the principal tangential bending stresses will occur along the principal directions of the surface geometry; however, to the bending stress is added the tangential stress associated with the isometric constraint T ab that does not necessarily commute with K ab (unless trivially when the symmetry commands it). A consequence is that shearing stresses are possible with respect to these directions as we show in Section 5.4.
Free boundary conditions
We now look at the boundary conditions informed by this re-expression of the variation in terms of stresses. The arc-length parameterized boundary curve '7 !(U 1 ('), U 2 (')) is identified as a space curve under the composition of maps, ' ! Y(') = X(U 1 ('), U 2 (')), reporting surface isometries through X. It need not be connected. Let T = _ Y be the unit tangent vector to the boundary curve, where the dot denotes a derivative with respect to the boundary arc-length: : = ∂ ' . We construct a Darboux frame adapted to the boundary, with the tangent T, the conormal L = n × T, and the normal unit vector n. Both T and the conormal L can be expanded with respect to the surface adapted tangent vectors: T = T a e a , L = L a e a . The surface covector L a appearing in (10) is given by g ab L b . 2 The contribution to the variation of the energy due to surface boundary changes is given by (see, for example, [31] )
In this expression
The force per unit length transmitted across this line element is given by the projection of the stress tensor 3 [31]
where the projected quantities onto the Darboux frame are defined by f ?k = T a L b f ab , f ?? = L a L b f ab , and f ? = L a f a . We are interested in casting the boundary variation in terms of geometrical quantities associated with this frame. The equations describing the rotation of this frame as the boundary curve is followed are given by [34] 
The geodesic curvature k g involves acceleration and thus two derivatives along the curve, whereas the normal curvature k n , and the geodesic torsion t g , depend only on the tangent vector, and thus involve a single derivative. Whereas k g is a measure of curvature tangential, and thus intrinsic, to the surface, k n is the surface curvature along the direction t. It is straightforward to show that k g = L a T b r b T a , whereas k n : = K kk = K ab T a T b and t g :
We now decompose the boundary deformation dX with respect to the Darboux frame fT, L, ng,
In terms of the components of dX, Equation (10) can now be recast as (details are presented in Appendix A)
where H is the bending energy density defined in (1); T D ?k = L a T b T ab and T D ?? = L a L b T ab ; and r ? is the derivative along the direction L (r ? = L a r a ). 4 We introduce the superscript D on the components T D ??
and T D k? to indicate that the projections refer to the Darboux frame (D) adapted to the boundary curve. These generally do not coincide with the projections onto the principal directions of K a b . Note that the bending contribution to the term proportional to C ? is simply proportional to the unconstrained bending energy density, H, a feature that is a direct consequence of the reparameterization invariance of H (or any other physically meaningful energy) and the identification of tangential deformations with reparameterizations for any functional that depends only on X. Specifically, if
If it were not for the isometry constraint, which spoils the identification of tangential deformations with reparameterizations, the boundary integrand proportional to C k would vanish.
Naı¨vely, C k , C ? , F as well as r ? F can be varied independently on free boundaries. The balance of torques, captured by the freedom to rotate the normal n on the boundary, is captured by the vanishing of the coefficient of r ? F at each point along the free boundary. If everything were correct this would imply that
One does not have to think very hard, however, to notice that there is something untoward in these boundary conditions: the Gaussian curvature vanishes on a flat sheet so why would it wind up in the boundary conditions? and, if it is ignored, we are led ineluctably to the patently false conclusion that K = 0 on the boundary. Together with the vanishing of K G , this would imply that the sheet must be planar there. Something is amiss, the challenge is to discover what is wrong and to fix it.
Isometry and surface curves
The three components of dX on free boundaries are not independent. We have just shown that this interdependence is not captured by the multipliers imposing the bulk constraint on the metric appearing in the boundary conditions for this would imply unbalanced torques on free boundaries. They are not sufficient.
An apparently reasonable solution would be to impose the linearized bulk isometry constraint, d X g ab = 0, explicitly on the boundary variations. Using the definition of the induced metric, these three equations can be cast as
These equations, in turn, can be decomposed with respect to the projections of dX defined by (3):
Typically, we cannot solve these equations analytically. However, even if we could, reasonable as they may appear as constraints on the boundary variations, this cannot be right as we will now argue. The projections along T and L of (18) along the boundary can be cast in the form
where we use the definitions introduced in (13) and introduce a few more. Here k g? is the geodesic curvature along the direction L: k g? = T a L b r b L a , involving a simple interchange of T and L with respect to the definition of k g . We have also used the completeness relationship T a T b + L a L b = g ab to express K = k n + k n? , where k n? is the normal curvature along L: k n? = K ab L a L b . Finally, we have used the identity of geodesic torsions along orthogonal curves,
The important point to note here is that both r ? C k and r ? C ? appear in these equations whereas r ? F does not. However, whereas the latter appears in the boundary term (15) arising from the variation of the bulk energy, the first two do not. In general, this suggests that this is not the correct approach to constraining the boundary variations. If we were stubborn and insisted, we would need to include r ? C k and r ? C ? as independent variations, but because these variations appear nowhere else, the multipliers enforcing (19b) and (19c) would vanish. Only one of the three constraints can be relevant. Not surprisingly, Equation (19a) is the statement that arc-length is preserved locally along the boundary. The non-appearance of the term proportional to r ? F implies that this is not a sufficient constraint on the boundary variations.
We propose instead that the relevant constraints on isometric boundary variations involve only the intrinsic geometry of the boundary curve itself as it is embedded in the surface. The obvious measure is the local arc-length. Its invariance under isometry is imposed by introducing a local Lagrange multiplier T , adding to H C a term
For technical purposes we introduced the one-dimensional induced metric along the boundary when it is parameterized by some external fixed parameter v, rather than arc-length ', so that d' = dv ffiffiffiffi G p , where G = g ab t a t b , with t a = dU a =dv (not to be confused with the geodesic torsion), so that the unit tangent vector is given by
proportional to the left-hand side of (19a). If this deformation is an isometry, then _ C k = k g C ? À k n F. The first term on the right in (21) , quantifying the response to a deformation along the tangent direction, is identified with the effect of a reparameterization of the curve:
, defined along the boundary curve, responds to a tangential deformation along the curve by
so that the tangential deformation of the integrated F vanishes if the curve is closed.
Using (21) and integrating by parts, we have that the variation of H 1 is
The geodesic curvature is also an isometry invariant of the boundary curve. This invariance can also be imposed explicitly by adding to H C an addition constraint
involving a second local multiplier field L. Here k (0) g is the fixed geodesic curvature. Now let us look at the variation of the geodesic curvature. A straightforward if long calculation, reproduced in Appendix B, gives the result
When dX is an isometry, d X k g = 0. 5 The terms involving C ? describe the deformation of the curvature as the curve is deformed along the surface. Significantly, the last term involves r ? F (the problematic variation in (15) , notably absent in the projections of d X g ab given by (19) , or in (21), and thus not implied by these constraints.
Combining (24) with the variation of ffiffiffiffi G p
given above (21), we have
Therefore, up to a total derivative, the variation of H 2 is
The constraints imposed by H 1 and H 2 are mutually independent. We claim that H 1 and H 2 together are not only necessary but also sufficient to ensure consistent boundary conditions on the constrained EL equations.
Note that there is a fundamental difference between the constraints on the boundary and those in the interior. This is because the derivatives of bulk variations are surface covariant derivatives and we can peel off all such derivatives by integrating by parts as often as is necessary. With bulk multipliers imposing the constraint on the metric in place, the two tangential deformations as well as the normal deformation can be assigned independently. We do not possess this liberty on the boundary. The boundary constraints reflect this inability to vary the deformations and their derivatives independently there. As we will see the two constraints on the boundary play distinct roles.
In the context of H 2 , it is relevant to note that the geodesic curvature of the boundary appears explicitly in the Gauss-Bonnet invariant,
As we will see, one of its consequences is the redundancy of the boundary terms originating in the Gaussian curvature.
How do we know that we possess a sufficient set of constraints on the boundary variations? One could imagine constraining isometry invariants involving higher derivatives along the boundary; for example, the Gaussian curvature, K G , involving two derivatives. What we would find, however, is that the corresponding variation involves a term proportional to r 2 ? F, a term that does not appear anywhere else in the variation of H C + H 1 + H 2 . Consistency would require treating this variation as independent which would imply that the corresponding multiplier must vanish, indicating the redundancy of this constraint. It would, however, be relevant in a theory including in the local bulk energy a term proportional to (rK) 2 . There is an important message here: the relevant local constraints on the boundary capturing isometry depend themselves on the order of the energy being considered. 6 
The correct boundary conditions
By imposing the arc-length and geodesic curvature constraints, captured by (21) and (24) in the variational principle, we are free to treat each of the four variations C k , C ? , F, and r ? F appearing in (15) as independent. To the expression for dH C boundary , given by (15) , we thus add the sum of dH 1 and dH 2 , given by (22) and (26), respectively, obtaining
It is clear that, under the redefinition L ! L + k G , the Gaussian energy does not contribute to the boundary conditions. It would have been very strange if it did in view of its isometry invariance. An important corollary follows: an isotropic unstretchable sheet, flat or not, is characterized by a single bending modulus.
In equilibrium, the four coefficients must vanish:
While our specific interest is in flat surfaces, these boundary conditions are valid whether the surface is flat or not. If the boundary is not asymptotic, so everywhere k n 6 ¼ 0, 7 then (29a) indicates that L serves as a boundary catch-all for unbalanced torques on the boundary originating in the bulk, which it then feeds into all three remaining boundary conditions. So far so good. Modulo this condition, Equation (29b) reads
determining the second boundary multiplier T directly in terms of the boundary geometry. Importantly, neither of the two unknown as yet isometric stresses, T D k? nor T D ?? , appear in the first two boundary conditions (29a) and (29b) that have now been solved. However, this should not be surprising: T D k? and T D ??
are tangential constraints passed from the bulk to the boundary. Along boundaries of a flat surface, coinciding with a non-trivial principal direction, the boundary normal curvature coincides with the mean curvature, K = k n , and Equation (29d) implies L =À 1 (proportional to the rigidity modulus, which we have normalized); significantly, it does not vanish. 8 Along a principal direction, t g = 0 so that (30) also simplifies
fixing T in a very simple way in terms of the derivative of the normal curvature along the conormal, evaluated on the boundary. Having determined L and T and substituting the two into the remaining boundary conditions (29c) and (29d), they determine the projections of the tangential stress, T D k? and T D ?? at the boundary completely in terms of the boundary geometry. We now need to solve the shape equations subject to these boundary conditions. In general, the determination of the shape involves the boundary conditions. For cones, as we will see, this shape is largely insensitive to the boundary conditions. However, to determine the stress that resides within the cone we are forced to confront these conditions. Let us first look at circular cones.
Circular cones
A natural representation of a cone is provided by an arc-length parameterized closed curve G : s ! u(s) on the unit sphere S 2 . Let r be the distance from the origin along the ray pointing in the direction u(s). The image of the mapping 
then describes a cone with its apex located at the origin, see Figure 1 .
The tangent vectors to the cone adapted to this parameterization are e r = ∂ r X = u, and e s = ∂ s X = ru 0 , where the prime denotes derivatives with respect to s. Since u is parameterized by s, t = u 0 is the unit tangent to G. Moreover, u is unit, so it is orthogonal to the tangent vector, u Á u 0 = 0. Thus, the induced metric on the surface g ab = e a Á e b is given by the remarkably simple, manifestly flat, form
The length of G is given by
where Du is the angle difference at the apex. It is invariant under isometry. For a deficit angle Du\0, the closed curve representing such a cone lives always within a single hemisphere. Du = 0 corresponds to a flat planar disc represented by a great circle. For surplus angle Du . 0 the curve representing the cone necessarily spans both hemispheres.
Cones as constrained equilibria
Let n = u × t denote the normal to the surface. The extrinsic curvature tensor, K ab =À n Á ∂ a e b is given by
The mean curvature of the cone is K = k=r and the Gaussian curvature vanishes K G = 0. Consider now a cone bounded by a curve at a constant distance from the apex, say at r = R, as in Figure 1 . The normal curvature along such a curve is given by k n = k=R; the corresponding geodesic curvature is k g = 1=R, independent of Df, or of s. Such a curve is a mapping of a circle of constant radius R, with a circular wedge of equal radius added or removed, so this independence is not surprising. It is simple to confirm that k is also the geodesic curvature along u(s) on the unit sphere. For a cone, the shape equation (6a) reduces to [14] k 00 +
where T kk = t a t b K ab is the projection of the constraining stress along t. The first three terms are independent of r. Consistency completely determines the radial dependence of T k : T k =À C k (s)=r 2 . 9 We now have for the normal EL equation (6a), where C k is generally a function of s. As shown in the appendix of [14] and, as implemented in [12] , if the conical sheet is circular so that the boundary curve is a curve of constant R, the rotational invariance of the energy implies that C k is a constant in the absence of external forces. Equation (37) then reduces to a quadrature which can be solved using the boundary conditions associated with closure:
where u is the azimuthal angle on the spherical trajectory. Extraordinarily one does not need to solve the conservation law r a T ab = 0 to determine the equilibrium geometry. To determine the stress distributed within the sheet, one not only needs to solve the conservation law, one also needs to possess the correct boundary conditions on the free edge of the cone. Had it not been for this happy accidental uncoupling, when two of us first examined the problem back in 2008, we would have been obliged to address the inconsistency lurking in the boundary conditions on the free edge back then, not eleven years later. If the sheet is not cut from a circle, or even if it is but it is manipulated so as to break the rotational invariance, C k will not be constant, the solution of the shape equation (37) needs to be supplemented with the boundary distance to the apex. This issue is taken up in Section 5.
The bulk stress T ab associated with isometry can be determined from the shape equation (6a) and the conservation law (6b), and, as shown in [14] , is given in terms of C k and two additional unknown functions of s, C k? (s) and C ? (s) (recall l =À u)
Unless the boundary is a curve of constant r, the tangent and conormal to G ft, lg will not be parallel to the tangent and conormal adapted to the boundary fT, Lg, so these projections generally will not coincide with the projections T D ?k and T D ?? appearing in the boundary conditions in Section 3. For a cone with a fixed outer radius r = R, the boundary forms a principal direction, K = k n = k=R, and t g = 0. As a result of the former, Equation (29a) implies L =À 1. Equation (29b) (or (31)), in turn, implies that T =À 1=R. For these values of L and T , the boundary condition (29c) now implies that T D k? = 0. Moreover, T k? (s, R) = T D k? , and from (39b) it follows that there will be a shearing stress induced by the spatial variation of C k
Thus, C k? vanishes when C k is constant. There remains to satisfy (29d), which implies that
As T ?? (s, R) = T D ?? (s), Equation (39c) determines C ? (s):
Thus, within the bulk, T k? and T ?? are completely determined by C k and k:
T ?? (r, s) = C 00 k r 2 ln
Note that, even when C k is constant, T ?? has a non-trivial curvature dependence. Note also that, as the boundary R ! ', the stress vanishes as r ! '.
To identify the complete stress within the bulk, we need to add the bending tangential stresses given by Equation (8):
Note that f ab B is diagonal with respect to the principal vector fields, a consequence of the fact that f ab B is a polynomial in the extrinsic curvature. More significantly, if the stress is compressive in one direction, it must be equally tensile in the orthogonal direction: f B ?? =À f B kk . The latter is a direct consequence of the scale invariance of the two-dimensional bending energy [29] .
The stressed paper cone
In a deficit cone cut from a circular sheet, k =À cot u 0 is constant, where u 0 is the opening angle with respect to the axis of the cone, which is related to the deficit Du by sin u 0 = 1 À jDuj=(2p). In this case, if k 6 ¼ 0, the shape equation (37) implies that C k = k 2 =2 + 1, with T kk =À C k =r 2 =À T ?? . This implies that the tangential stress associated with isometry is non vanishing for any Du\0, no matter how small. As Du ! 0, C k ! 1 (reminiscent of an Euler buckling instability); as Du ! À2p, sin u 0 ! 0, so k and C k diverge. If we add the contributions due to the isometry constraint to the bending stress, given by (44), we have 10 f kk =À 1 r 2 ; ð45aÞ
Thus, the cone is under tension along circles of constant r, the qualitative behavior one would have anticipated. However, now it has been quantified. Cut the cone along a ruling and it will splay open (symmetrically) into a planar circular wedge. Less obvious, it is under equal compression along its rulings. The attentive reader will also note that the total stress, summing the isometric constraining and bending stresses, is independent of Du, the result of a cancelation occurring when they are added. This is a non-trivial prediction. As simple as this example may be, the distribution of stress could not have been determined without having access to the correct boundary conditions on the rim. In Appendix C, we show explicitly that the correct balance of forces across the boundary involve the local boundary constraints in an essential way.
Turning deficit to surplus
Let us briefly comment on the case where there is a surplus angle at the apex, with Du . 0. The equilibrium shapes, examined in their full glory in [12] , exhibit rather non-trivial behavior. In the spirit of this article, however, we will look only at small surpluses here. If k ( 1, Equation (37) linearizes, with solutions k = k 0 cos (ns), n = 2, 3, 4, . . ., representing regular conical ripples about a planar annulus. The constant C k determining the constraining stress across the cone is given by C k = 1 À n 2 \0. Note that C k does not vanish in the limit Du ! 0 (k 0 ! 0), a result that is analogous to an Euler-buckling instability. In this regime T kk (r) = n 2 À 1 r 2 ; ð46aÞ
whereas f ab B '0. In this limit, what stress exists in the cone is due to the isometry constraint. This time f kk is compressive everywhere. Cut the cone along a ruling and the sheet will relax into a planar circular wedge of angular width 2p + Du. 11 The radial stress has non-trivial behavior: close to the apex, f ?? 'T ?? is tensile but beyond a critical radius, r c =R = 1 À 1=n 2 , it turns compressive.
Cones with non-circular boundary
So far we have focused on cones isometric to a segment of a circular planar sheet. Let us now consider a deficit cone with an arbitrary boundary parameterized by the arc-length of u, R = R(s) such as that illustrated in Figure 2 . We show that the corresponding equilibrium cone responding to this boundary is no longer circular. 12 In this case, since k = u 00 Á u 0 × u, the bending energy H B is a functional not only of the curve u, but also of the boundary curve
where r 0 is a cutoff distance from the apex mentioned in note 12. The energy is the Euler elastic energy on a sphere with a bending rigidity B that depends explicitly on the position along the curve (recall it is dimensionless because the bending rigidity itself is). The breaking of rotational symmetry here gives rise to a source in the Euler-Lagrange equation for k, analogous to a material force, as discussed recently by O'Reilly [35] . Even in the absence of external forces, if B is not constant, the geometry is not generated by a circle of constant k. We can see this by solving the EL equation for the energy (47) with the boundary described by the distance function R(s) (and the length L it implies) to determine k for the equilibrium geometry.
Determination of k and C k
Let us first derive the EL equations that correspond to H B , given by (47). If R is not constant, it is evident that k will depend explicitly on R through the function B(s). To do this we need to track the change in H B under a deformation of u, holding the arc-length fixed. 13 With respect to the adapted basis, a deformation of the unit vector u reads du = dct + df n. Using the commutation of the variation and arclength derivative we determine the variation of the tangent vector dt = (du) 0 =À dcu + (df 0 À kdc)n:
The fixed length constraint t Á dt = 0 places the following constraint on the components of du
The deformed normal vector dn follows from the orthonormality of the basis. Combining these expressions we identify the variation of k,
Substituting this result into the variation of H B , dH B = R dsBkdk, and integrating by parts, 14 we find that
We see that the arc-length dependence of B prevents us from discarding the tangential component of the deformation in the variation of the energy. The way we proceed is to use the isometry constraint (49) to replace df in favor of dc 0 (assuming k 6 ¼ 0 everywhere). This approach turns conventional wisdom on its head (we tend to think of the tangential deformation in an isometry as a response to the normal deformation), but it is completely legitimate no matter how strange it may appear. It has been used recently in a related context [36] . The price paid is a higher-order EL equation. On conducting a final integration by parts we obtain
Therefore, in equilibrium we have the EL equation
Integration of this equation along G places an integrability condition on B and k I dsB 0 k 2 = 0:
Furthermore, we have the first integral
where c is a constant of integration. As we show explicitly, in our perturbative treatment, c is determined by the requirement of closure. Consistency of the first integral (55) with the bulk EL equation (37) determines C k as a function of s through B(s) and the yet to be determined k:
If the boundary is circular with constant R (or B), we have C k = c=B, a constant. In general, C k is not constant. Now let us examine the construction of the corresponding spherical curve and how the constant c is determined.
Construction of the spherical curve
To determine the embedding functions of the non-circular boundary, we parameterize u by spherical coordinates dependent on s The basis vectors adapted to the curve (u =r) can be expressed Note that n = u × t is the outward normal to the cone. The normalization of the basis requires the following relation between the derivatives of the two spherical angles
Thus, f 0 is given by
Differentiating this relation we obtain
Now, we can calculate k =À t 0 Á n: taking the arc-length derivative of the first of Equations (58) 17 projecting it onto the expression of n and substituting the expressions (61) and (62) for the derivatives of f, we obtain k = u 00 À cot u 1 À u 0 2
We can recast this equation as a second-order differential equation for u,
One needs to solve (53) and (64) simultaneously; the constant c is then determined by integrating (61) for f(s) and demanding closure. Having determined k and c, it is straightforward to use the identity (56) to evaluate C k (s), which completes the determination of f kk (r, s). In full generality this is a non-trivial numerical exercise. In perturbation theory, however, it becomes tractable.
Determination of the boundary stresses
We parameterize the boundary of the cone by R(s): X b = R(s)u(s). The tangential vectors of the Darboux frame adapted to the boundary, fT, Lg, are related to the tangential vectors of the Darboux frame of the spherical curve 18 u, ft, lg (see Figure 2 ) by a rotation
The boundary line element is d' = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi R 0 2 + R 2 p ds, so arc-length derivatives are related by
∂ s . Substituting these relations into (13) for the Darboux curvatures of the boundary, we
along the boundary. The normal curvature in the direction orthogonal to the boundary is determined from the planarity condition, K G = k n k n? À t 2 g = 0, which yields
Thus, K = k n + k n? = k=R, depending only passively on the boundary, and consistent with (35) . As t = e s =R and l =À e r , 19 we have L s = R 0 =(R ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi R 0 2 + R 2 p ) and L r =À R= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi R 0 2 + R 2 p , so (using K = k=r in the bulk)
From (29a) and (29b) we determine L and T as functions of k, R and their derivatives
Equation (29c) and (29d) now determine T k? and T ?? at the boundary
The boundary tangential stresses are related to their bulk counterparts by a rotation. To this end, we invert (65) to express the components of the tangent basis of the spherical curve in terms of those of the tangent basis adapted to the boundary as
Substituting these expression into (39), we relate the bulk tangential stresses evaluated at the boundary in terms of the boundary stresses
We see that only if R is constant does T kk (s, R) = T D kk (s), T ?k (s, R) = T D ?k (s), and T ?? (s, R) = T D ?? (s). There are three unknowns T D kk , C k? (s), and C ? (s). From (72a), we determine the missing projection on the boundary, T D kk modulo the functions C k , R, and k:
where T D ?? and T D ?k are given by (70). Substituting this result into Equations (72ab) and (72ac), determines the two remaining functions C k? and C ? :
Substituting these expressions back into (39b) and (39c), the tangential stresses are now completely determined in the bulk:
T ?? (r, s) = 1 r 2 C 00
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For constant R these results reduce to those presented in Section 4.1.
As we can see, determining the cone and its stresses when the boundary is not circular is a highly coupled non-linear problem. We will confine ourselves to treating the problem perturbatively.
Perturbative regime
In this section, we apply these results to a geometry with a boundary that is a small elliptical deformation of a circle.
The resulting equilibrium geometry will be a deformation of a circular cone, whose generating curve u 0 is the circle of latitude with u = u 0 . Let R(s)
At zeroth order, from the first integral (55), and Equations (61) and (64) we obtain
Recall that k 0 is the geodesic curvature of the spherical curve and its normal curvature is one, 20 so k 0 = csc u 0 is the Frenet-Serret curvature. 21 The arc-length of the generating curve lies within the range 0\s\S 0 = 2p=k 0 . As B 0 is constant, the integrability condition (54) is satisfied identically at this order.
At first order, the first integral (55) reads
We consider non-degenerate cones with k 0 6 ¼ 0 (u 0 6 ¼ p=2). We are interested specifically in an elliptical deformation of the boundary, so we set R 1 = r 1 cos f 0 = r 1 cos k 0 s, and thus B 1 = b 1 cos k 0 s, with b 1 = r 1 =R 0 . Note that it is the Frenet-Serret curvature k 0 , rather than the geodesic curvature, k 0 , appearing as the argument of the cosine. Now (77) becomes
The harmonic solution of (78) ; cos k 0 s is incompatible with periodicity (k 0 6 ¼ k 0 ). This is reflected in the integrability condition (54). Whereas, at first order this condition is satisfied identically; at second order it reads H ds(k 2 0 B 0 2 =2 + k 0 k 1 B 0 1 ) = 0, implying that k 1 should be orthogonal to B 0 1 . Thus, the only possibility is a constant
To construct the cone, we have for the linearization of (64)
Integrating this equation, with constant k 1 , we obtain
where u 1M is a constant of integration (we have neglected another arbitrary phase). At first order, Equation (61) reads
whose solution, with u 1 given in (81), is
As f 1 (S 0 ) = 2pk 0 k 1 =k 2 0 , any non-vanishing first-order correction to the curvature violates the periodicity of the deformation, so k 1 = 0. This impliesc 1 = 0 or c 1 =À 1 2 k 2 0 b 1 =2. Therefore, the first-order deformations f 1 and u 1 are independent of the boundary deformation R 1 or B 1 . Consequently there are no firstorder perturbations of the conical geometry. Modulo an infinitesimal rotation of u 0 about the Y axis,
which we can safely set to zero (u 1M = 0), u 1 = 0 and f 1 = 0.
The conical geometry first responds to an elliptic deformation of the boundary at second order. With k 1 = 0, correct to second order, Equation (55) resembles its first-order counterpart (78):
with the difference that the dipolar B 1 gets replaced by a quadrupole,
The solution is
where
A term ' cos k 0 s is again inconsistent with the periodicity of the deformation. We will see that the constant b 2 vanishes. The conical curvature responds symmetrically at second order to the deformation: it increases along the direction of the semi-major axis of the conic section, k 2 = k 2M . 0 when s = 0 and s = S 0 =2; it decreases along the orthogonal direction. One would expect this accidental symmetry along the long direction to be broken at third order. In any case, we see that the obliquely cut circular cone is no longer circular.
With u 1 = 0 and k 1 = 0, at second order, Equation (64) reads
whose solutions for k 2 given by (87) is
where g 2 is a constant of integration.
With u 1 = 0 and k 1 = 0, to second order, Equation (61) is given by
with solution for u 2 given in (90) is
As at first order, f 2 (S 0 ) = 2pk 0 b 2 =k 2 0 is inconsistent with periodicity unless b 2 = 0 orc 2 = k 2 0 b 2 =2. For u 1 = 0 and f 1 = 0, the second-order deformation of the spherical curve is
modulo an irrelevant tilt we ignore. We now possess the second-order deformation of the curvature as well as the spherical curve describing the cone. We are finally Reconstruction of the curve in a position to determine the corrections of the stresses on the perturbed cone to this order. From (56) we find that at lowest order we have that C k0 = c 0 =B 0 = (k 2 0 + 1)=2, whereas with c 1 = 0 and c 2 =À k 2 0 b 2 1 =4, we find
There is only a second-order correction to C k (and, thus, to T kk ). The correction to the bending stress is second order because k 1 = 0. In Appendix D, we evaluate the stress correct to second order by applying perturbation theory to the results of Section 5.3. We see that there is no first-order correction to the remaining components of the tangential stress.
Using the results derived in the appendix, the complete tangential stress, summing the isometry constraining and bending contributions has components adapted to the unperturbed tangent frame ft, lg given by 
As remarked in Section 4.2, to lowest order these tangential stresses on a cone with circular boundary do not depend on the deficit angle Du, but we do see that their second-order corrections on a cone with an elliptic boundary depend on Du through the Frenet-Serret curvature k 0 = csc u 0 = 2p=(2p À jDuj). These tangential stresses of cones with elliptic boundaries are plotted in Figure 3 . A positive (negative) sign of its components indicates that the surface is under compression (tension). These tangential stresses are concentrated near the apex and decay as r À2 .
Here f kk is the tangential force per unit length exerted along the positive azimuthal direction across rays of constant s c by the region with s\s c on that with s . s c . As f kk \0, the cone is under lateral tension. The quadrupolar correction correlates with the correction to the curvature f kk2 }k 2 . It decreases (increases) the magnitude of the lateral tension along the two rays pointing towards the long (short) direction of the elliptic boundary, see Figures 3(a) and (d) . At this order the local stresses do not provide a distinction between the two rays pointing towards the long direction of the elliptic boundary, even though their lengths differ (R 0 6r 1 ). However, evaluating the total force along the two, F kk = R dr f kk at this order, we find that the shorter ray is under greater total tension, for F kkshort À F kklong }2r 1 =(R 2 0 À r 2 1 ), consistent with expectations. The tension along the two short directions with equal unchanged ray length is also increased, a non-linear correction that is less intuitively obvious.
The off-diagonal component f k? is the magnitude of the shear force per unit length exerted along the radial direction across a ray of constant arc-length s c , by a region with s\s c on the region with s . s c ; this is equal to the shear force along the azimuthal direction exerted by a region bounded by a line of constant r c on the region with r\r c . At lowest order, f k? vanishes, so it is given entirely by the quadrupolar correction, which correlates with the derivative of the correction to the curvature f k?2 }k 0 2 . Thus, this shearing force vanishes along the four rays pointing towards the long and short directions of the elliptic boundary. One would expect this by symmetry. Its magnitude is a maximum along the four diagonal directions. The shear force exerted across the diagonals rays, long or short, towards the long elliptic directions is outwards with the same value; whereas that towards the short directions is inwards as confirmed by Figure 3 (b) and (e). One would expect the symmetry under reflection f 0 ! Àf 0 to persist at all orders; the quadrupole approximation implies symmetry under interchange f 0 ! 2p À f 0 as well. At second order, we fail to distinguish between the rays pointing towards the long and the short diagonals. This accidental symmetry is broken only at third order in perturbation theory.
Here f ?? is the magnitude of the tangential force per unit length along the radial direction exerted by a region bounded by a line of constant r c on the region with r\r c . As f ?? . 0, the cone is under radial compression. Like f kk , the second-order correction to f ?? correlates with the correction to the curvature f ??2 }k 2 . However, this time the correction increases (decreases) the magnitude of the radial compression along the rays pointing towards the long (short) direction of the elliptic boundary, see Figure 3 (c) and (f). The quadrupolar correction does not contribute to the total force along a closed circle of constant r.
Conclusions
We have presented a framework allowing us to analyze the stress distribution in thin sheets that undergo isometric bending without requiring the introduction of boundary layers. This involves the introduction of two local constraints on the boundary curve, one fixing its arc-length and, less obviously, another fixing its geodesic curvature with respect to the sheet which it bounds. Together they ensure that boundary deformations are consistent with isometry. We have applied this framework to a cone, isometric to a circular wedge, with a deficit angle and also, but to a lesser extent, with a surplus angle. The equilibrium shapes in the absence of external forces are remarkably insensitive to boundary conditions; indeed they can be determined without even knowing what the correct conditions are. The stress distributed within the cone, on the other hand, does depend sensitively on these conditions. In a circular paper cone, we showed that the stress is diagonal with respect to the radial and circular directions (in compression along the former, tension along the latter loops), falling off quadratically with distance from the apex. The existence of this tension is not surprising; the independence of its magnitude on the deficit angle is. If the cone is cut from a non-circular wedge, and in particular one forming an elliptical boundary, the determination of the geometry no longer decouples from the boundary. We have solved the EL equations in the bulk perturbatively. The bulk geometry surprisingly only depends on the elliptical boundary conditions at second order in its eccentricity. The conical curvature increases equally at the short and the long ends; it is reduced in the orthogonal direction along which the distance to the apex is unchanged. There is also no first-order change in the stress distributed throughout the cone. The quadrupolar change in the stress implies that the diagonal stresses (tension along loops, compression along the radial direction) are changed: the lateral tension is no longer equal in magnitude to the radial compression; both changes depend sensitively on the deficit angle. The angular dependence of the two as well as the radial falloff differ. The radial stress, is in fact dominated by its correction remote from the apex with an inverse r falloff; the exact quadratic falloff of the lateral tension is, however, preserved. With the perturbed boundary, the principal stresses no longer coincide with the principal directions: with respect to the latter directions shearing stresses come into play.
The decision to focus on paper cones, despite appearances, was not a frivolous one; obtaining reliable results has not come easily. This framework can clearly be extended to other geometries where isometry is the relevant constraint. Suppose, instead of a conical sheet with an apex, we form an annulus by excising a finite disc at its center. When there is a surplus angle, we showed in a previous paper that the only stable equilibrium of the corresponding cone is the ground state with a two-fold symmetry [37] . One might hope that this is also the ground state of the corresponding annulus. But this would require the rulings on the annulus to intersect at the phantom apex that organized the cone. In fact, it is simple to show that such a state is not even stationary never mind it forming the ground state; for it is impossible to satisfy the boundary conditions on the new inner boundary if the outer boundary is finite. Indeed, it can be shown that there are tangent-developable deformations of a surplus conical annulus lowering its energy. The upshot: the conical annulus with two-fold dihedral symmetry is not the ground state. Its rulings do not converge on a single point. How it does this appears also to involve symmetry breaking. The construction of this surface is a challenge for the future. variations; the corresponding multipliers imposing these constraints, while redundant in the bulk, now imply boundary constraints. An interesting exercise/challenge is to identify the higher-order bulk constraint-induced boundary variations equivalent to those introduced by the sum H 1 + H 2 . 7 The case k n = 0 at a point must be treated separately. We will encounter an example in the context of cones. 8 In this case the rulings are perpendicular to the boundary. 9 Had we imposed the weaker constraint that the area is fixed, then T ab =À sg ab , where s is a constant. In this case, a cone is never an equilibrium geometry. Whereas isometry localizes the energy in the neighborhood of the apex, under the weaker constraint the sheet is free to lower its energy by distributing the curvature away from the apex. 10 To determine forces, we should rightly add the contribution along n, but these vanish in a circular cone. 11 If Du is increased, the stress will exhibit a dependence on s. Above some finite surplus, the geometry will develop overhangs; within these overhangs f kk will become tensile. 12 For simplicity, the inner boundary remains circular, in that the cutoff distance from the apex, r 0 , introduced to regularize the energy, is independent of s. 13 A derivation for constant B was presented in the appendix of [14] . 14 We neglect the total derivatives because u is a closed curve. 15 Here u is measured from the positive Z axis, whereas f in the anticlockwise sense about the Z axis. 16 We consider only the positive root, for the negative one just represents the same curve but traversed in the opposite sense. 17 The derivatives of the spherical tangent basis arê u 0 =À u 0 u + cos uf 0f , f 0 =À f 0 ( sin uu + cos uû): 18 The unit normal vector is n in both frames, because it can be parallel transported along rulings. 19 The boundary is traversed in an anticlockwise sense with the bulk at the left-hand side, so L points towards the apex. 20 To get dimensions right, recall that u is a unit vector. 21 The plus (minus) sign of k 0 corresponds to a cone opening downwards with u 0 . p=2 (upwards with u 0 \p=2) such that u is traversed anticlockwise (clockwise) about the Z axis.
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